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Abstract
In this work, we shall analyze the effects of quantum fluctuations on the properties
of a BTZ black hole, in a massive theory of gravity. We will analyze this for a charged
BTZ black hole in asymptotically AdS and dS space-times. The quantum fluctuations
would produce thermal fluctuations in the thermodynamics of this BTZ black hole. As
these fluctuations would become relevant at a sufficiently small scale, we shall discuss
the effects of such thermal fluctuations on the entropy of a small charged BTZ black.
We shall also analyze the effects of these fluctuations on the stability of such a black
hole.
Keywords: Black hole; Massive Gravity; Thermodynamics.
The second law of thermodynamics seems to be in conflict with the physics of black holes, if
a maximum entropy is not associated with black holes [1, 2]. This is because a spontaneous
reduction in the entropy of the universe would occur by an object with finite entropy crossing
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the event horizon of a black hole. So, a condition for the second law of thermodynamics and
black holes to co-exist is the association of maximum entropy with black holes. This entropy
associated with black holes is maximal, in the sense, that black holes have more entropy
than other objects with the same volume [3, 4]. This maximum entropy of a black hole S0, is
related to its area A, as S0 = A/4. So, the maximum entropy of a region scales with the area
of the boundary enclosing that region [5]. This scaling behavior of the maximum entropy
has motivated the development of the holographic principle [6, 7]. It may be noted that
at very small scales (close to the Planck scale), the holographic principle is expected to get
violated due to quantum gravitational effects [8, 9]. So, the quantum gravitational effects
are also expected to modify this entropy-area relation, at very small scales. The effect of
quantum fluctuations, can be calculated from a short distance correction to the area-entropy
law. This is because, the geometry of space-time can be obtained from thermodynamics
in the Jacobson formalism [10, 11]. So, thermal fluctuations in the thermodynamics would
correspond to quantum fluctuations in the geometry [12]. Furthermore, these quantum fluc-
tuations in the geometry can be neglected for very large black holes. However, such large
black holes have a very small temperature, and the effects of thermal fluctuations can also
be neglected for such black holes. Now these black holes evaporate with Hawking radiation,
and reduce in size. At sufficiently small size, the effects of quantum fluctuations cannot be
neglected, and these fluctuations can be analyzed perturbation. At such a small size, these
black holes will also have a large temperature, and the effects of thermal fluctuations can
also not be neglected at this stage. So, at this stage the thermal fluctuations can be ana-
lyzed as perturbations around the equilibrium thermodynamics [13]. It may be noted that
as the black hole keeps reducing in size and it’s the temperature keeps increasing, a stage
is reached at which the manifold description of space-time breaks down, and at this stage
the equilibrium description of thermodynamics also breaks down. So, the correction to the
equilibrium thermodynamics is only relevant at an intermediate scale, such that the scale is
not so small that the equilibrium description breaks down, and it is not so large that effects
by fluctuations can be neglected. In this paper, we shall analyze our system at such an
intermediate scale, where the thermal fluctuations can be expressed as perturbations around
equilibrium thermodynamics.
We will analyze the effects of fluctuations on a black hole in massive gravity. The massive
gravity is constructed using the Vainshtein mechanism [14, 15]. In this mechanism, the
general relativity is recovered in suitable limits [15]. This theory based on the Vainshtein
mechanism contains higher derivative terms, and these higher derivative terms produce neg-
ative norm Boulware-Deser ghosts [16]. It is possible to resolve this problem for a subclass of
massive potentials, as these Boulware-Deser ghosts do not exist for such a subclass [17]-[23].
This is done by using the dRGT mechanism, and in this mechanism, there is a fixed metric
along with the dynamical metric [24].
An asymptotically A(dS) charged BTZ black hole in a massive theory of gravity has also
been constructed [25]. We will analyze the effects of quantum fluctuations on this BTZ black
hole. These quantum fluctuations can be related to thermal fluctuations in the thermody-
namics of this BTZ black hole. It may be noted that effects of thermal fluctuations on the
thermodynamics of black hole has been studied, and it has been observed that such thermal
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fluctuations correct the entropy of black holes [26, 27]. Such thermal fluctuations have also
been studied for a small singly spinning Kerr-AdS black hole [28]. The effect of thermal
fluctuations on the phase transitions in a sufficiently small AdS black holes has also been
studied [29]. Such thermal fluctuations have also been studied for different black saturns
[30, 31]. The effects of thermal fluctuations on the thermodynamics of modified Hayward
black hole have also been discussed, and phase transition for this system has also been in-
vestigated [32].
Now we can start from a three dimensional massive theory of gravity [24]. The action for
such a theory of massive gravity, can be expressed as [25],
I = − 1
16pi
∫
d3x
√−g
[
R− 2Λ + L(F) +m2
4∑
i=1
ciUi(g, f)
]
, (1)
where R is the scalar curvature, L(F) is the Lagrangian for the electromagnetic gauge field,
and Λ is the cosmological constant. Here m is the mass term and f is the reference metric.
Furthermore, the suitable constants for massive gravity are denoted by ci, and the symmetric
polynomials of the eigenvalues of the d × d matrix Kµν =
√
gµαfαν are denoted by Ui, such
that
U1 = [K],
U2 = [K]2 − [K2],
U3 = [K]3 − 3[K][K2] + 2[K3],
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]. (2)
We also have (
√
A)µν(
√
A)νλ = A
µ
λ and K = Kµµ. Now a static charged black hole
with(A)dS asymptotes is given by [25],
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dϕ2, (3)
where f(r) can be expressed as
f(r) = −Λr2 −m0 − 2q2 ln (r
l
) +m2cc1r, (4)
here m0 is a constant related to the black hole mass (M) as m0 = 8M , and q is another con-
stant related to the black hole electric charge (Q) as q = 2Q. Also, m is a massive parameter,
while c, c1 are positive constants. In the case of m = 0, we have the linearly charged BTZ
black hole solution. We should note that asymptotically behavior of the solution is dS for
Λ > 0, while AdS for Λ < 0. It can be argued that the structure of the horizon dependent
on these black hole parameters. Hence, choosing suitable parameters, we obtain two event
horizons r+ and r−. It may be noted that for dS, we need to choose suitable parameters,
such the temperature at the black hole horizon is the same as the cosmological horizon. It
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order to do that we need to analyze the structure of the horizon. This can be done by using
the approximate r/l≪ 1 and ln 1 + x ≈ x, to obtain
r± ≈ (cm
2c1l − 4 q2 ± A) l
2(l2Λ− q2) , (5)
where we have defined A as
A =
√
c2m4c12l2 − 8 cm2c1lq2 + 12 l2Λ q2 − 4 l2Λm0 + 4 q4 + 4m0q2. (6)
We will discuss the specific values of this parameter after introducing temperature. At such
specific values, we will have thermodynamic equilibrium. Thus, we obtain,
M = −Λ
8
r2+ −Q2 ln (
r+
l
) +
m2cc1
8
r+. (7)
The Hawking temperature is given by,
T± = −Λr±
2pi
− q
2
2pir±
+
m2cc1
4pi
. (8)
It should be noted that the temperature at both horizons must be the same, and this yields
to the following condition,√
4 q4 + (−8 cm2c1l + 12 l2Λ + 4m0) q2 + l2 (c2m4c12 − 4Λm0)
×2 (Λ (−4 q2 +m0) l2 + q4) = 0. (9)
It give us two conditions to have the same temperatures at both the horizons,(
Λ
(−4 q2 +m0) l2 + q4) = 0, (10)
4 q4 +
(−8 cm2c1l + 12 l2Λ + 4m0) q2 + l2 (c2m4c12 − 4Λm0) = 0. (11)
It should be noted that by setting A = 0 in the equation (6) we get the extremal limit for the
model, and this is exactly the second condition above. Now from first condition, we obtain,
Λ =
q4
(4q2 −m0)l2 . (12)
In the dS space with positive Λ, we must have 4q2 > m0. Using the second condition, we
obtain
Λ =
c2m4c1
2l2 − 8 cm2c1lq2 + 4 q4 + 4m0q2
4l2 (−3 q2 +m0) . (13)
Combining two above equations, we obtain the following condition
−4 c2m4c2l2q2 + c2m4c12l2m0 + 32 cm2c1lq4
−8 cm2c1lm0q2 − 28 q6 − 8m0q4 + 4m02q2 = 0. (14)
4
It can be used to fix parameters of the model, for example if we choose m = m0 = l = c =
c1 = 1, then one can find q = 0.55. It may be noted that there are other possibilities which
can be used to constraint the parameter space. So, we will also use both conditions (12) and
(13) to study black hole entropy which help us to further constraint the parameter (q).
We can now analyze the corrections to the black hole entropy of the BTZ black hole due
to quantum fluctuations. It may be noted the original black hole entropy for the BTZ black
hole, in massive gravity, can be written as
S0 =
pi
2
r+. (15)
We can calculate the corrections to this original black hole entropy using the path integral
quantization of gravity. The path integral quantization of gravity can be done using the
Euclidean quantum gravity [33, 34, 35, 36, 37]. In this formalism, the temporal coordinate is
rotated in the complex plane, and the quantum gravitational partition function resembles a
statistical mechanical partition function [38, 39]. Thus, if IE = −iI is the Euclidean action
obtain from action given by Eq. (1), then we can write
Z =
∫
[D] exp(−IE). (16)
This can be written as a statistical mechanical partition function, with β as the inverse
temperature [38, 39],
Z =
∫
∞
0
dEρ(E) exp(−βE). (17)
The density of states corresponding to this statistical mechanical partition function can be
written as
ρ(E) =
1
2pii
∫ β0+i∞
β0−i∞
dβ exp[S(β)]. (18)
Here the entropy S can be expressed as
S = βE + lnZ. (19)
This system is usually studied at the equilibrium temperature β0. Thus, for this system
usually the black hole thermodynamics can be obtained by neglecting all the thermal fluctu-
ations. So, using T = β−1, it is possible to obtain S0 = S(β)β=β0 = A/4GN , where A is the
black hole area [40]. The quantum fluctuations increase with the decrease in the size of the
black hole. This corresponds to an increase in the thermal fluctuations, in this statistical
mechanical partition function. At Planck scale the full equilibrium description of thermody-
namics cannot be applied, as the space-time cannot be analyzed as a differential manifold.
However, in an intermediate regime, where the black hole is not small enough for the equilib-
rium description to break down and not large enough for the quantum fluctuations to have
no effect, these fluctuations can be studied as thermal fluctuations in the partition function
of Euclidean quantum gravity. The effects of thermal fluctuations on thermodynamics of a
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black hole are known [26, 27], so we can obtain the correct entropy S(β), at a temperature
β as a perturbation around the equilibrium temperature β0
S = S0 +
1
2
(β − β0)2
(
∂2S(β)
∂β2
)
β=β0
. (20)
Here the effects of higher order corrections have been neglected. Now we can define S0 =
S(β)|β=β0, and express the density of states as
ρ(E) =
exp(S0)
2pii
∫ β0+i∞
β0−i∞
dβ
× exp
(
1
2
(β − β0)2
(
∂2S(β)
∂β2
)
β=β0
)
. (21)
After performing a change of variables, this can be expressed as
ρ(E) =
exp(S0)√
2pi
[(
∂2S(β)
∂β2
)
β=β0
]−1/2
, (22)
Thus, we can write
S = S0 − 1
2
ln
[(
∂2S(β)
∂β2
)
β=β0
]
. (23)
We can use the microscopic degrees of freedom obtained from a conformal field theory to
analyze this corrected entropy. The modular invariance of such a conformal field theory can
be used to argue that the entropy should be expressed as S(β) = aβ + bβ−1 [41], and this
has been generalized to S(β) = aβm + bβ−n [26], where m,n, a, b are positive constants.
This expression has an extremum at β0 = (nb/ma)
1/m+n = T−1, and the corrected entropy
around this extremum can be expressed as,
S(β) = [(n/m)m/(m+n) + (m/n)n/(m+n)](anbm)1/(m+n)
+
1
2
[(m+ n)m(n+2)/(m+n)n(m−2)/(m+n)]
×(an+2bm−2)1/(m+n)(β − β0)2. (24)
Thus, we obtain the expression for the corrected entropy as
S = (n/m)m/(m+n) + (m/n)n/(m+n)(anbm)1/(m+n). (25)
So, finally, we obtain (
∂2S(β)
∂β2
)
β=β0
= YmnS0T 2 , (26)
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where Ymn is a factor which depends on m and, n, hence they can be absorbed by a suitable
redefinition, as it does not depend on any parameter of this BTZ black hole. The corrections
to the entropy of this BTZ black hole scale as lnS0T
2 [26, 27]. Now it is known that such
logarithmic corrections to entropy of a black hole are obtained in almost all approaches to
quantum gravity, and this seems to be a universal model independent result. In fact, such
logarithmic corrections have been obtained using non-perturbative quantum general relativ-
ity [42]. Hence, logarithmic term may reflect quantum corrections [43]. String theoretical
corrections to black hole entropy have also been calculated, and it has been observed that
such correction terms can be expressed using logarithmic functions [44, 45, 46, 47]. Using
the Cardy formula, it has been argued that black holes whose microscopic degrees of freedom
are governed by a conformal field theory must produce logarithmic corrections to the area-
entropy relation [48, 49]. It may be noted that even though the form of these corrections
seems to be a model independent result, the coefficient of this logarithmic correction terms
depends on the details of the model, and is a model dependent result. So, we will keep this
coefficient as a general parameter α, and write the corrected entropy as [50],
S = S0 − α
2
ln (S0T
2), (27)
where correction parameter α added by hand to find effect of such correction clearly in
analytical expressions.
Thus, we can write the logarithmic corrected entropy, for the BTZ black hole, in massive
gravity as
S =
pi
2
r+ − α
2
ln
[
r+
8pi
(
−Λr+ − q
2
r+
+
m2cc1
2
)2]
. (28)
We should use conditions (12) and (13) to draw corrected entropy and see that is positive.
According to the Eq. (14), by choosing unit value for all parameter instead q, we have
q ≈ 0.55, so we can draw behavior of entropy in terms of q in the Fig. 1 (a) for the condition
(12) and (b) for the extremal case with the equation (13). We observe that entropy is positive
for q > 0.55. However very large value of the black hole charge may also yields a negative
entropy, hence we are restricted to choose q in the finite interval. From the Fig. 1 (a) we
can see restricted interval is 0.55 ≤ q ≤ 4.75, while for the extremal case, as illustrated by
the Fig. 1 (b) we can find 0.55 ≤ q ≤ 16. It means that the extremal case yields to larger
range for the electrical charge of black hole.
The first law of black hole thermodynamics is given by,
dM = TdS + ΦdQ, (29)
where Φ is the electric potential, and it is given by [25],
Φ = −2Q ln (r+
l
). (30)
The first law (29) is valid for the case α = 0. In presence of α, the first law is valid if the
following condition is satisfied
6Λr2+ −m2cc1r+ − 8Q2 = 0. (31)
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Figure 1: Corrected entropy in terms of q. We have set unit values for all other parameters.
(a) By using the condition (12). (b) Extremal case given by the condition (13).
Thus, the horizon radius can be expressed as
r∗+ =
m2cc1
12Λ
(
1 +
√
1 +
192Λq2
m4c2c21
)
. (32)
This means that in presence of logarithmic correction, the first law of black hole thermody-
namics is valid only at r+ = r
∗
+.
In this case, the internal energy given by,
E =
∫
TdS, (33)
which yields the following expression,
E =
m2cc1
8
r+ − Λ
8
r+ −Q2 ln r+ + α
pi
[
5
4
r+ +
Q2
r+
− m
2cc1
8
ln r+
]
. (34)
We find that the internal energy is decreasing function of α in the AdS space-time, while
it is an increasing function of α in dS space-time. It has similar behavior with the case of
m = 0. In both (A)dS space-times, it is increasing function of massive parameter m, and a
decreasing function of the black hole charge Q. Then we can study Gibbs free energy using
the following relation,
G = M − TS. (35)
In the plots of the Fig. 2, we can see typical behavior of the Gibbs free energy in terms of r+.
This can be done by varying α, and observing the effects of the logarithmic correction. As
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we expected, the main difference occurs only at small r+. In presence of thermal fluctuations
with positive coefficient, value of the Gibbs free energy is negative infinite, and it is positive
infinite for α = −1 if we do not consider thermal fluctuations. This result holds for both
AdS and dS space-times.
Figure 2: Gibbs free energy in terms of r+, for q = 0.55 and unit values for all other
parameters. The blue dashed lines represent the case of α = 0, while the red solid lines
represent the case of α = 1, and green dotted lines represent the case of α = −1.
Also, we examined both possibilities given by conditions (12) and (13) which is illustrated
by plots of the Fig. 3. We can see that general behavior of the Gibbs free energy is the
same.
There are some special points where corrected and uncorrected Gibbs free energy have
the same value. In the case of AdS space-time there is a minimum for the Gibbs free energy
which may be stable point. In order to obtain more information about stable points we
study sign of specific heat.
In the canonical ensemble, heat capacity at constant Q is calculated by using the following
relation,
C = T (
dS
dT
). (36)
It yields to the following expression,
C =
pi
4
(
2Λr2+ −m2cc1r+ + 8Q2
Λr2+ − 4Q2
)
r+ − α
4
(
6Λr2+ −m2cc1r+ − 8Q2
Λr2+ − 4Q2
)
. (37)
In the plots of Fig. 4, we can see behavior of specific heat for both AdS and dS space-times. In
the left plot of the Fig.4, we can observe behavior of the specific heat in AdS space-time. For
α = 0, we obtain some negative regions, and these regions exhibit some instabilities. It has
9
Figure 3: Gibbs free energy in terms of q, for unit values for all parameters. The red dashed
lines represent the case of α = 0, while the green solid lines represent the case of α = 1. (a)
By using the condition (12). (b) Extremal case given by the condition (13).
Figure 4: Specific heat in terms of r+, for q = 0.55 and unit values for all other parameters.
The blue dashed lines represent the case of α = 0, red solid lines represent the case of α = 1,
and green dotted lines represent the case of α = −1. The orange dash dotted line represent
the case of α = −0.6.
already been observed by studding the equilibrium thermodynamics, and neglecting thermal
fluctuations [25]. However, for α = −1 (for selected values of the black hole parameters), we
have completely positive specific heat. So, the logarithmic corrected entropy with negative
coefficient can have a stable AdS space-time. There is a special radius (r+0), where C = 0
which has been illustrated by orange dash dotted line and is obtained as root of the following
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equation,
pi
2
Λr3+0 −
(
pi
4
m2cc1 +
3
2
Λα
)
r2+0 +
(
2piQ2 +
m2cc1
4
α
)
r+0 + 2αQ
2 = 0. (38)
For r+ ≥ r+0, the black hole is always in a stable phase, and for r+ ≤ r+0, the stability of
black hole depends on value of α. For the suitable negative value of α, we have a stable black
hole for all r+. In the case of AdS space-time, there is no phase transition which corresponds
to divergence of specific heat. On the other hand, in the dS space-time the phase transition
occurs, as is illustrated by right plot of the Fig.4. It is corresponding to the zero of the
denominator of the equation (37), which yields to the following radius,
r+c =
2Q√
Λ
. (39)
Thus, a phase transition occurs in dS space-time, and it does not occur in the AdS space-
time.
Also, we find that instabilities in dS space-time are depend on value of the black hole charge
inspired by conditions (12) and (13). We find larger values of the black hole charge yields
to the instable phase. These are illustrated by the plots of the Fig. 5.
Figure 5: Specific heat in terms of q, for unit values for all parameters. The red dashed lines
represent the case of α = 0, while the green solid lines represent the case of α = 1. (a) By
using the condition (12). (b) Extremal case given by the condition (13).
Now, by using the relation between negative cosmological constant Λ and thermodynam-
ics pressure P as,
P = − Λ
8pi
, (40)
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we can investigate critical behavior and Van der Waals like phase transition [51, 52].
Combining condition (39), with the pressure (40) we obtain,
PM = − Q
2
2pir2+
. (41)
Now using condition (32) to have validity of the first law of thermodynamics in presence of
logarithmic correction, we obtain,
PM =
m4c2c21
2048 piQ2
. (42)
It is clear that there is no extremum, hence similar to the case of α = 0 there is no Van der
Waals like behavior.
In this paper, we have studied the effects of quantum fluctuations on a BTZ black hole in a
massive theory of gravity. We analyzed the corrections to the thermodynamics of this black
hole at a sufficiently small scale. It had been argued that as this black hole becomes suffi-
ciently small, we could not neglect the quantum fluctuations. These quantum fluctuations
could be expressed using thermal fluctuations. We analyzed such thermal fluctuations as
perturbations around the equilibrium temperature. We also studied the stability for such
black holes. It was observed that thermal fluctuations can modify the stability of such black
holes. Furthermore, we also analyzed the phase transition for such black holes. We have
demonstrated that the behavior of the BTZ black hole after taking the thermal fluctuations
into consideration is the same as the behavior of the BTZ black hole [53]. So, we have ana-
lyzed the critical point and phase transition for AdS BTZ black hole in massive gravity. We
also, considered the extremal case of dS space-time. It would be interesting to analyze such
fluctuations for other solutions to such a massive theory of gravity. It is possible to obtain
higher order corrections in the perturbation series, and it would be interesting to analyze the
effects of such corrections on the stability of such black hole solutions. It is also interesting
to consider logarithmic correction on the holographic heat engines [54, 55].
References
[1] J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973)
[2] J. D. Bekenstein, Phys. Rev. D 9, 3292 (1974)
[3] S. W. Hawking, Nature 248, 30 (1974)
[4] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975)
[5] N. Altamirano, D. Kubiznak, R. B. Mann, and Z. Sherkatghanad, Galaxies 2, 89 (2014)
[6] L. Susskind, J. Math. Phys. 36, 6377 (1995)
[7] R. Bousso, Rev. Mod. Phys. 74, 825 (2002)
12
[8] D. Bak and S. J. Rey, Class. Quant. Grav. 17, L1 (2000)
[9] S. K. Rama, Phys. Lett. B 457, 268 (1999)
[10] T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995)
[11] R. G. Cai and S. P. Kim, JHEP 0502, 050 (2005)
[12] B. Pourhassan, M. Faizal, S. Capozziello, Annals of Physics 377, 108 (2017)
[13] J. Sadeghi, B. Pourhassan, M. Rostami, Phys. Rev. D 94, 064006 (2016)
[14] A. I. Vainshtein, Phys. Lett. B 39, 393 (1972)
[15] E. Babichev and C. De ayet, Class. Quant. Grav. 30, 184001 (2013)
[16] D. G. Boulware and S. Deser, Phys. Rev. D 6, 3368 (1972)
[17] C. de Rham, G. Gabadadze and A. J. Tolley, Phys. Rev. Lett. 106, 231101 (2011)
[18] C. de Rham, G. Gabadadze Phys. Rev. D 82, 04402 (2010)
[19] C. de Rham, G. Gabadadze and A. J. Tolley, Phys. Lett. B 711, 190 (2012)
[20] S. F. Hassan, R. A. Rosen and A. Schmidt-May, JHEP 1202, 026 (2012)
[21] S. F. Hassan, A. Schmidt-May and M. von Strauss, Phys. Lett. B 715, 335 (2012)
[22] S. F. Hassan and R. A. Rosen Phys. Rev. Lett. 108, 041101 (2012)
[23] S. F. Hassan S F and R. A. Rosen JHEP 1204, 123 (2012)
[24] K. Hinterbichler, Rev. Mod. Phys. 84, 671 (2012)
[25] S. H. Hendi, B. E. Panah, S. Panahiyan, JHEP 05, 029 (2016)
[26] S. Das, P. Majumdar and R. K. Bhaduri, Class. Quant. Grav. 19, 2355 (2002)
[27] L. D. Landau and E. M. Lifshitz, Statistical Physics, Pergamon (1969)
[28] B. Pourhassan and M. Faizal, Nucl. Phys. B 913, 834 (2016)
[29] B. Pourhassan and M. Faizal, Europhys. Lett. 111, 40006 (2015)
[30] M. Faizal and B. Pourhassan, Phys. Lett. B 751, 487 (2015)
[31] B. Pourhassan and M. Faizal, Phys. Lett. B 755, 444 (2016)
[32] B. Pourhassan, M. Faizal and U. Debnath, Eur. Phys. J. C 76, 3, 145 (2016)
[33] S. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983)
13
[34] G. W. Gibbons, S. W. Hawking and M. J. Perry, Nucl. Phys. B 138, 141 (1978)
[35] J. B. Hartle and S. W. Hawking, Phys. Rev. D 13, 2188 (1976)
[36] R. F. Sobreiro and V. J. V. Otoya, Class. Quant. Grav. 24, 4937 (2007)
[37] L. Bonora and A. A. Bytsenko, Nucl. Phys. B 852, 508 (2011)
[38] G. W. Gibbons and S. W. Hawking, Phys. Rev. D. 15, 2752 (1977)
[39] V. Iyer and R. M. Wald, Phys. Rev. D. 52, 4430 (1995)
[40] S. F. Ross, [arXiv:hep-th/0502195]
[41] T. R. Govindarajan, R. K. Kaul, V. Suneeta, Class. Quant. Grav. 18, 2877 (2001)
[42] A. Ashtekar, Lectures on Non-perturbative Canonical Gravity, World Scientific (1991)
[43] R. B. Mann and S. N. Solodukhin, Phys. Rev. D 55, 3622 (1997)
[44] S. N. Solodukhin, Phys. Rev. D57, 2410 (1998)
[45] A. Sen, JHEP 04, 156 (2013)
[46] A. Sen, Entropy 13, 1305 (2011)
[47] D. A. Lowe and S. Roy, Phys. Rev. D82, 063508 (2010)
[48] T. R. Govindarajan, R. K. Kaul, V. Suneeta, Class. Quant. Grav. 18, 2877 (2001)
[49] S. Carlip, Class. Quant. Grav. 17, 4175 (2000)
[50] J. Sadeghi, B. Pourhassan and F. Rahimi, Can. J Phys. 92, 1638 (2014)
[51] A. Rajagopal, D. Kubiznak and R. B. Mann, Phys. Lett. B 737, 277 (2014)
[52] T. Delsate and R. Mann, JHEP 1502, 070 (2015)
[53] A. M. Frassino, R. B. Mann and J. R. Mureika, Phys. Rev. D 92, 124069 (2015)
[54] R. A. Hennigar, F. McCarthy, A. Ballon and R. B. Mann, [arXiv:1704.02314]
[55] C. V. Johnson, [arXiv:1705.04855]
14
